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Q. What is Finite Element Method .

Ans : The finite element method (FEM) is the most widely
used method for solving problems of engineering
and mathematical models. Typical problem areas of interest

include the traditional fields of structural analysis, heat

transfer, fluid flow, mass transport, and electromagnetic

potential.

The FEM is a particular numerical method for obtaining
approximate solution of many problems encountered in
engineering analysis using two or three space variables (i.e.,

some boundary value problems).

Q. What is the basic approach of solving problmes using
Finite Element Method(FEM) ?

Ans : To solve a problem, the FEM subdivides a large system
into smaller, simpler parts that are called finite elements.

This is achieved by a particular space discretization in the

space dimensions, which is implemented by the construction
of a mesh of the object: the numerical domain for the
solution, which has a finite number of points. The finite
element method formulation of a boundary value problem
finally results in a system of algebraic equations . The solution

of these equations gives us the approximate behaviour of the
continuum.

Q. Mention few applications of FEM .

Ans : The applications of FEM ranges from deformation and
engineering stress analysis of automotives , aircrafts,
buildings ,bridges , structures , trusses to field analysis of heat
flow/transfer , magnetic and electric field , fluid flow , seepage
, duct, and also axisymmetric problems .



Q. What are the steps of FEM for analysis a complex structure
FEM in Structural Analysis (The Procedure)

e Divide structure into pieces (elements with nodes)

e Describe the behavior of the physical quantities on each
element

e Connect (assemble) the elements at the nodes to form an
approximate system of equations for the whole structure

e Solve the system of equations involving unknown
quantities at the nodes (e.g., displacements)

e (alculate desired quantities (e.g., strains and stresses) at
selected elements

Example:

Typical
element

FEM model for a gear tooth (From Cook’s book, p.2).



Q. What are the applications of FEM?

o structural mechanics (e.g. building bridges,
wind turbines, etc.)

 electromagnetism (yes, Maxwell equations.
You can get microwave or light propagation
in waveguides, antenna design, etc.)

 heat transfer (e.g. PCB or silicon chip design)

« electrical parasitic extraction (e.g. capacitive
touch screens, coils design)

» fluidics (e.g. pipe systems, nano-technology,
etc.)

» acoustics (e.g. loudspeaker design,
microphone design, etc.)



Q. What do you mean by FEA in FEM.

The finite element method (FEM) is a numerical technique used to perform finite element analysis
(FEA) of any given physical phenomenon.

It is necessary to use mathematics to comprehensively understand and quantify any physical
phenomena, such as structural or fluid behavior, thermal transport, wave propagation, and
the growth of biological cells. Most of these processes are described using partial differential

equations (PDEs). However, for a computer to solve these PDEs, numerical techniques have been

developed over the last few decades and one of the most prominent today is the finite element
method.
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Q. Write the equilibrium equations in 3-D stress analysis.

ANS : Equilibrium Equations:
or_
oo, n z, + or,, =D

x & &
O 4 9% %% 150 (6)
Ox oy e T ’
dr, 0r, do. ¢ f=0,
& oy &
or
Oy T I‘; =0

Q. What do you mean by Plain stress and Plain strain ?

ANS :

Plane (2-D) Problems
e Plane stress:

o-: o z-): o z-:.\' = 0 (E: * 0) (1)

A thin planar structure with constant thickness and
loading within the plane of the structure (xy-plane).

'S nPy
x oz |
1
e Plane strain:
E.=y,.=y.=0 (0. #0) (2)

A long structure with a uniform cross section and
transverse loading along its length (z-direction).
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LONG -TYPE

Questions & Answers



Q. What are the steps of finite elements?

Ans : The major steps in the Finite Element Method,
1. Discretization of real continuum or structure — (Establish the
FE mesh
a. Establish the FE mesh with set coordinates, element
numbers and node numbers
b. The discretized FE model must be situated with a
coordinate system
c. Elements and nodes in the discretized FE model
need to be identified by “element numbers” and
"nodal numbers.”
d. Nodes are identified by the assigned node numbers
and their corresponding coordinates
2. ldentify primary unknown quantity
a. Primary unknown quantity - The first and principal
unknown quantity to be obtained by the FEM
b. Eg: Stress analysis: Displacement {u} at nodes
c. In stress analysis, The primary unknowns are nodal
displacements, but secondary unknown quantities
include: strains in elements can be obtained by the
“strain-displacement relations,” and the unknown
stresses in the elements by the stress-strain
relations (the Hooke's law).
3. Interpolation functions and the derivation of Interpolation
functions
a. Interpolation function is called “shape function in
some literatures
b. There are different forms of interpolation functions
used in FEM. The elements using the linear
interpolation functions are called "Simplex
elements” are the simplest form and the most
commonly used in FE formulation.
4. Derivation of Element equation
a. The element equation relates the induced primary
unknown quantity in the analysis with the action.
Eg. In a structural stress analysis, Force {F} is the
action, Displacement {u} at nodes is the primary
unknown and Stresses {oc}& Strains {&} are
secondary unknown.
b. These are the generally two methods used to derive
the element equations:
i. The Rayleigh-Ritz method, and
i. The Galerkin. method



5. Derive overall Stiffness Equation

a. This step assembles all individual element equations
derived in Step 4 to provide the “Stiffness
equations” for the entire medium.

b. Mathematically, this equation has the form, [K]{q} =
{R} where [K} is overall stiffness matrix.

6. Solve for primary unknowns

a. Use the inverse matrix method to solve the primary
unknown quantities {q} at all the nodes from the
overall stiffness equations. {q} = [K]-1{R}

b. Else, use the Gaussian elimination method or its
derivatives to solve nodal quantities {g} from the
equation: [K]{g} = {R}

7. Solve for secondary unknowns.
8. Display and Interpretation of Results

a. Tabulation of results

b. Graphic displays: (1) Static with contours. (2)
Animations



Q. What are the different types of elements used in FEM ?

ANS : Elements are divided into 3 categories
1D
2D
3D

1D

1 TRUSS elements :

» Two nodes are sufficient to define

» Each node has only translation degrees of freedom no rotational DOF
2 Beam elements :

« Three nodes required to define

» Each node has 6 DOF
3 BAR elements :

« Two nodes required to define

» Each node has only 1DOF( translational )

Special elements:

4 Rigid elements

« Two node sets, one set will have dependent and one with independent
5 Spring elements
6 Gap elements
7 Sliprings elements
2D elements
1 Plate elements / Shell elements

» 3Node/ 4nodes are required

+ |t has 6 DOF ( 3 translational and 3 rotational )
2 Membrane elements

» 3Node/ 4nodes are required

» Only translational degrees of freedom
3D elements
1 Tetrahedral / hexa Element

» 4 nodes / 5nodes / 6nodes / 7nodes / 8nodes / 15nodes / 20 nodes

» Only translational degree of freedom at each node




Q. What are the stages for finite elements analysis ?

Ans:,

Discuss in details.

The first step in FEA is Discretization or
Splitting into multiple smaller elements. This
is done depending upon Geometry. This step
is also called Meshing. And the elements can
be 1D Bar, 2D Triangle and Quad, 3D Tetra

and Hex.
3 4 3
(3 .
> R
1 2 1 2
Triangular element Rectangular element




» Second step is Node Numbering. This can be
done by Long side numbering process or
short side numbering process. FEA will
follow the method which obeys (Max Node
Number - Min node number ) = Minimum for
any particular element to reduce memory
requirements.

This is long side numbering.
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Here for element 3, Max node number-Min node
number=10-3 =7

This is short side numbering.
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Here for element 3, Max node number-Min node
number =14-9 = 5.

Hence, short side numbering is preferred.

e The third step is Selection/Assignment of a
Function. Now why do we need to assign a
function? A function helps to describe the
behavior of the element. It can be a
polynomial. Polynomials are used as they
can be integrated and differentiated. Also,
higher order polynomials are preferred to
give good results. And higher order
polynomials also resist shear locking.

¢ (x) 6(x)
A 4 Exact solution

Exact solution
! - ¢(x)=agrax+ayx?
""""" o, tx)=agtax
: > X
fe~—— Element ————] jo——Element ———]
(a) Linear approximation (b) Quadratic approximation

e Define Material behavior.

e Derivation of Element stiffness matrix for
each element.

e Arrive at the Global Stiffness matrix.




e Arrive at the Global Stiffness matrix.

Fl‘\ _k” ku} k” ses klﬂ—' u,
F2 | by kn ky ..k, U
Bl |k b ko kg, 3
Fo 0= | kn kg kg ... Ky, "y
Fp Kk ke kg .. by d o J

e Apply Boundary conditions.

« Solve for unknown displacements. It is to be
noted that in FEA, there are two basic
methods - the Force and the Displacement
method. Normally we prefer the latter and
solve for displacements as it is simpler.

e Computation of Strains and Stress.






Q. Mention important features of FEM .
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Q. Write about Galerkin's Finite Element Method .

Ans : Galerkin's Finite Element Method :

In order to obtain a numerical solution to a differential equation using the Galerkin Finite
Element Method (GFEM), the domain is subdivided into finite elements. The function is
approximated by piccewise trial functions over cach of these elements. This is illustrated
below for the one-dimensional case, with linear functions used over cach clement, p being
the dependent vanable.

true solution approximating

\ ............ functions

..

node Clementi o4,
i i+1

Figure 2.1: A mesh of N one dimensional Finite Elements

The unknowns of the problem are the nodal values of p, p, i=1...N +1, at the element

boundaries (which in the 1D case are simply points). The (approximate) solution within
each element can then be constructed once these nodal values are known.

The Galerkin FEM for the solution of a differential equation consists of the following
steps:

(1) multiply the differential equation by a weight function @(x) and form the integral
over the whole domain
(2) if necessary, integrate by parts to reduce the order of the highest order term

(3) choose the order of interpolation (e.g. linear, quadratic, etc.) and corresponding
shape functions N, i =1...m, with trial function p = p(x) = ZT: N, (x)p,

(4) evaluate all integrals over each element, either exactly or numerically, to set up a
system of equations in the unknown p,'s

(5) solve the system of equations for the p,'s.

The linear C” element will be used in what follows. Quadratic and cubic elements will be
considered later.



Example 1.1

k; kx P k;
| 2 3 4

Given: For the spring system shown above,
k, =100 N/mm, k£, =200 N/mm, &k, =100 N/ mm
P=500N, u, =u,=0
Find.: (a) the global stiffness matrix
(b) displacements of nodes 2 and 3
(c) the reaction forces at nodes 1 and 4
(d) the force in the spring 2
Solution:

(a) The element stiffness matrices are

" 100 —100 (N/nm) o
— mm
"1 =100 100

T 200 —200

—200 200

. 100 -100 = 3)
= mm
P =100 100




Applying the superposition concept, we obtain the global stiffness
matrix for the spring system as

u, U,
100 100
K= |
0  -200
0 0
or
100 —100
~100 300
K =
0 —200
0 0

—100

0 0

-200 O
300 -100
-100 100

which is symmetric and banded.

U,
0

~100 100+200  —200
2004100 —-100
100

—

u
0
0

4

Equilibrium (FE) equation for the whole system 1s

100
—100
0
0

-

~100 0 0 Jfu
300 -200 0 ||u,
~200 300 —100||u,
0 —100 100 |u

—_

3

J

-

* 4)

(b) Applying the BC (u, = u, = 0) in Eq(4), or deleting the 1 and
4™ rows and columns, we have



300 —2000(u,] [0O
gy W
~200 300 ||lu,| |P

Solving Eq.(5), we obtain
u, P /250 2
= =1, ( (mm) (6)
u, 3P /500 3

(c) From the 1% and 4™ equations in (4), we get the reaction forces
F, =-100u, =-200 (N)
F, =-100u, =-300 (N)

(d) The FE equation for spring (element) 2 1s

200 —200{|u, | /.
-200 200 ||u,| |f,
Here i = 2, j = 3 for element 2. Thus we can calculate the spring
force as

u,
F=f,=-f=[-200 200]{u—}

3

=[-200 200}{2}

=200 (N)



Example 1.2

Problem: For the spring system with arbitrarily numbered nodes
and elements, as shown above, find the global stiffness

matrix.

Solution:

First we construct the following

Element Connectivity Table

Element Nodei (1) | Nodej (2)
I 4 2
2 2 3
3 3 3
4 2 1

which specifies the global node numbers corresponding to the
local node numbers for each element.



Then we can write the element stiffness matrices as follows

u, U, U, U,
kl - kl kz - kz
K=l_p & K= _r &
i | 1 ey 2
u, U, u, u,

. = ka - ks k. = k4 - k4
' -k 3 ks ) - kd k4
Finally, applying the superposition method, we obtain the global
stiffness matrix as follows

u, u, u, u,
"k, —k, 0 0 0]
—k, k+k,+k, -k, -k O

K=| 0 -k,  k+k 0 =k
o] -k | o |k ][O0
| 0 ] 0 | -k | 0 Kk

The matrix 1s symmetric, banded, but singular.



Example 2.1

-
Lo

I

— -
|- -

Problem: Find the stresses in the two bar assembly which is
loaded with force P, and constrained at the two ends,
as shown in the figure.

Solution: Use two 1-D bar elements.

Element 1,

Element 2,

u, U,

EA[ 1 -1
k, =—
2T L1 1

Imagine a frictionless pin at node 2, which connects the two
elements. We can assemble the global FE equation as follows,



Load and boundary conditions (BC) are,

u’=ﬂ3=0, FIJ:P

FE equation becomes,
2 -2 0]f0 F
o -2 3 -—-1Ku,p=4P
. 0 -1 110 F,

Deleting the 1% row and column, and the 3™ row and column, we
obtain,

EA
7[3]{”2} = {P}
Thus,
_ L
> 3EA
and
u, 0
PL
U, p=——+1
3FEA
u 0

3

Stress in element 1 is



ui
o, = FE¢g = EBu, =E[—1/L l/L]{ }

ul
h (B g ¥
L L\3FA 34

Similarly, stress in element 2 is

3

M2
,=Ee, =EB,u, =E[-1/L lfL]{” }

—gB 0 Pl | =
3EA 34

U, —u, E( _PL) P
& L

which indicates that bar 2 is in compression.



Example 2.2

Problem: Determine the support reaction forces at the two ends
of the bar shown above, given the following,
P=60x10*N, E=20x10°N/mm’,
A=250mm°, L=150mm, A=1.2mm

Solution:

We first check to see if or not the contact of the bar with
the wall on the right will occur. To do this, we imagine the wall
on the right is removed and calculate the displacement at the

right end,

_PL_(60x10*)(150) _

5 = : 18mm>A=12mm
EA (20x10")(250)

Thus, contact occurs.

The global FE equation is found to be,



1 =1 Oqu, F
g—l 2 =1Rku, p=<F
/ ) 2

0 =1 1 || F,

The load and boundary conditions are,
F,=P=60x10"N

u =0, u,=A=12mm

FE equation becomes,

1 -1 010 F,
E% ~l. 2 =LlR#&, y=4.P
0 -1 1]lA F,

The 2™ equation gives,

i

that is,

EL/:T [2]{!;2} = {P+ EE A}

Solving this, we obtain
1
u, =—(E+AJ = 1.5mm
° 2\EA

and




u, 0
u, p =4 L5 (mm)
Uy 12

To calculate the support reaction forces, we apply the 1
and 3" equations in the global FE equation.

The 1™ equation gives,

ut
F,:ﬂ[l -1 0u, =@(—u3)=—5.0x104N
L £
1£3
and the 3™ equation gives,
EA “I g
FB:—L—[O ~1 1Jju, :T(—u2+u3)

U,

=—10x10*N
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